The transition amplitude for πK scattering is evaluated within the SU(3) Nambu-Jona-Lasinio model. Ordering terms according to the expansion in 1/N c leads to a box-like diagram, t channel diagrams that admit scalar isoscalar (σ, σ ′ ) exchanges, and a u channel exchange of a scalar isodoublet σ K that has quantum numbers corresponding to the 
are used to evaluate the T = 0 values of the l = 0 scattering lengths a 3/2 0 and a 1/2 0 . The finite temperature dependence is studied. We find that the variation in the t channel in the calculation of a 
I. INTRODUCTION
The pseudoscalar octet (π, K, η) forms the set of lowest mass hadronic states and are thus particles that play a central role in heavy ion collisions, since they occur copiously. In particular the pion, with lowest mass and being an isospin triplet has a central role, while the kaonic sector, occurring as isospin doublets, gives us information on strangeness production. Since this octet consists of the Goldstone bosons associated with spontaneous chiral symmetry breaking, their role in nature is determined almost exclusively by this feature. Conversely, our understanding of chiral symmetry breaking is augmented by studying the properties of such mesons, and this can be extended to finite temperatures and baryon density.
The purpose of this paper is to examine elastic πK → πK scattering in particular at T = 0 and at finite temperatures. Expressions for the transition amplitudes and hence the scattering lengths at T = 0 are derived and then the temperature dependence of the scattering lengths is investigated. This is of interest (a) in its own right, although at present it is unclear how one would access finite temperature scattering lengths experimentally, and (b) as it provides a first step in the calculation of the elastic πK → πK cross-sections as a function of the temperature that are required as input for the collision dynamics for a simulation of heavy-ion collisions using a chiral Lagrangian.
At T = 0, πK scattering has been studied within the framework of chiral perturbation theory (CHPT) [1] [2] [3] . It is not a priori clear to what extent a chiral expansion is appropriate for properties involving the strange quark, in view of its mass. Yet the results of even the early calculations of the scattering lengths 1 [1] fall within the expected measured range [5] [6] [7] , although one should note that actual 1 There is an early Russian publication on this subject that we also draw the reader's experimental values are rather poorly known. An elaboration of this approach that includes intermediate resonances [2] , in particular the exchange of the vector K * in the u-channel as well as of a ρ-meson in the t-channel, alters the actual numerical values by 2% at most.
In this paper, we wish to examine the πK scattering lengths at finite temperature.
The Nambu-Jona-Lasinio (NJL) model [8, 9] gives a good description of these deeply bound mesons at T = 0. In obtaining such a description, the mean field or Hartree approximation to the self-energy, together with the random phase approximation for the mesonic fields has been used. It has been recognized that these approximations taken together constitute an expansion in the inverse number of colors 1/N c , within the model [10, 11] and are essential in order to preserve the chiral symmetry of the underlying Lagrangian. For T = 0, the dependence of some of the pseudoscalar and scalar mesons as a function of temperature has qualitatively been validated by lattice gauge calculations [12, 13] . The results of Ref. [13] display a remarkable qualitative agreement with the finite temperature behavior of the NJL model (pole)
masses. This gives one some confidence in the application of this model in this form to finite temperature, although it is speculative.
In addition, it can be shown that the current algebra results or alternatively the results of chiral perturbation theory to lowest order can be obtained from this model on making a suitable chiral expansion [14, 15] . It is then a simple issue to extend calculations to finite temperature, and examine the consequences thereof.
There is no necessity to enforce the chiral limit, since this is a model study. We thus examine the three flavor NJL model. Contributions to the scattering amplitude are organized according to the expansion in 1/N c . To lowest order within this scheme, attention to [4] there are several sorts of graphs that occur: a box graph is present, analogous to the four-point tree-like structure of mesonic theories. In addition, in the t channel, exchange of neutral scalars, in this case the σ 0 and σ 8 → σ and σ ′ states occur.
This has no counterpart in the CHPT version 2 . Finally, the u channel contains the exchange of a σ K , corresponding to the K * 0 meson -note that this also differs from the CHPT calculations that explicitly include vector resonance exchange of the K * [2] . Note that in our case, no six point tadpole-like diagrams [1] are present. In addition, unitarising graphs that include πK scattering in the intermediate state are not included to this lowest order in 1/N c calculation of the scattering lengths in the NJL model, but which would be essential for a complete description of the scattering amplitude of cross section calculated as a function of center of mass energy.
Before discussing our results, we comment on the procedure that is to be taken, in particular with regard to the application of the mean field plus random phase approximation at T = 0 and at T = 0. As discussed earlier, this coupled symmetry preserving approximation works excellently at T = 0. This is true for calculating static mesonic properties, such as masses, mean charge radii and scattering lengths, particularly in the SU(2) sector, where these have been studied in detail and are well-known. Corrections to the mean field values introduce chiral logarithms, see for example [16] and further powers in the pion mass. Calculations of the full scattering cross-sections, however, do require these corrections, even at T = 0, in order to preserve unitarity. Thus only scattering lengths can be reliably calculated. This is 2 Note that no ρ-meson can be exchanged in this minimal version of the NJL model, but would also be of the same order as the σ exchanges in the 1/N c expansion within an extended NJL model [15] . For this reason, we do not calculate the l = 1 scattering lengths
well-established for the two flavor case [17] and is the reason for our restriction to investigating this quantity only.
In extending our calculation to finite temperature, we are being speculative, encouraged however, by the success of the qualitative agreement of the lattice predictions of the temperature variation of particle masses with those predicted by the model. Furthermore, it is not expected that terms beyond this leading 1/N c calculation play a dominant role, since the chiral logarithms and powerlike mass terms that might then occur depend then on the temperature dependent pion mass, which in turn stays constant within the model for a wide range of temperatures, even up to 200 MeV. The divergences that have been found in this work in the scattering lengths are induced by the presence of the inverse of the decay constants which themselves become small at high temperatures. This feature should remain unchanged by higher order corrections.
Our model results depend on the regularization procedure used, and can therefore at most be qualitative. While the Pauli-Villars method is generally preferred at T = 0 since it preserves all symmetries, and enables one to check that the crossing symmetries are correctly implemented, at T = 0, Lorentz invariance is broken by the heat bath so that a three dimensional cutoff can be used. We thus only expect to obtain a qualitative description. We evaluate the scattering lengths at T = 0 using both prescriptions, and considering parameters sets of other authors [19, 20, 9] that were used for different purposes to fix other variables. In this sense, we do not fit model parameters so as to explicitly give us good values of the scattering lengths.
Our results at T = 0 are obtained using both regularization schemes. At finite temperatures, we find that the t channel varies somewhat with temperature due to the exchange of the scalar mesons, which themselves have a strong temperature dependence, and we find that the variation of a This paper is organized as follows. In Section II, we give a brief introduction to the NJL Lagrangian, sufficient to introduce our notation. In Section III, we classify the scattering diagrams required for elastic πK scattering within the framework of the model and examine in particular the reaction π
This is studied explicitly at T = 0 in Sec. IV A and the scattering lengths for this process as well as the remaining πK processes, which can be obtained via crossing symmetry, are then evaluated. In Sec. IV B, the generalization to finite temperature is discussed.
We summarize and conclude in Sec. V.
II. SU(3) NAMBU-JONA-LASINIO MODEL
The SU(3) NJL model is well documented elsewhere [8, 9] . In this section, we
give only a brief description of the model in order to introduce our notation. Our starting point is the minimal three flavor chiral Lagrangian density
that contains a four point coupling with strength G, and six point coupling, with coupling strength K. Color, flavor and spinor indices of the quark fields ψ are suppressed. The term moderated by G contains the Gell-Mann matrices λ a , a = 1..8
plus the matrix λ 0 = 2/3I, where I is the unit matrix, thereby ensuring the U(3) symmetry of this term. This symmetry is broken by the determinantal term, motivated by instanton effects, down to the chiral group SU L (3) × SU R (3). In order to incorporate the known current quark masses, an additional term that explicitly breaks the chiral symmetry,
A straightforward evaluation of the self-energy in the mean field approximation yields constituent quark masses that are modified from their current values due to dynamical symmetry breaking [19, 8] 
where the propagator
in the mean field approximation and i is a flavor index.
The mesonic sector is viewed most simply from the effective NJL Lagrangian that is obtained on constructing an effective four point interaction from the six point term, on contraction of two fermionic fields. One has
with the effective couplings 
using an obvious notation for the scalar sector. Experimentally, one could tentatively assign the scalar particles (σ π , σ K ) → (a 0 (980), K * 0 (1430)). The assignment of the (σ, σ′) to actual particles such as the controversial f 0 (400−1200) or σ [22] or f 0 (980) and f 0 (1300) is uncertain and we thus retain our model notation here. The pionic and kaonic scalar and pseudoscalar sectors can be treated independently now. The quark-antiquark scattering amplitude, evaluated in the random phase approximation is M π,σπ = 2K
for the pions, or
for the kaons, expressed in terms of the irreducible polarization
Here f 1 and f 2 refer to the quark flavors q = u, d and s. The indices P, S refer to pseudoscalar or scalar functions respectively, and Γ P = iγ 5 , while Γ S = 1. The meson masses with the appropriate quantum numbers are obtained by solving
for the pionic or kaonic masses respectively, while the associated couplings are given as
In this equation, M π refers to the mesons π or σ π while M K refers to the mesons K or σ K as required. The mesons η and η ′ , or correspondingly the scalars σ and σ ′ are coupled. Here the quark-antiquark scattering amplitude in either sector takes the matrix form
with
in either the scalar or pseudoscalar sector. For the purposes of our calculation of πK scattering lengths, we will not require information on the η and η ′ mesons. However, the exchange of a σ or σ ′ in the intermediate state within πK scattering may occur.
We thus require the quark-antiquark scattering amplitude for the exchange of the σ and σ ′ . This can be written as
Since the neutral σ and σ ′ are both exchanged in any single process, it is not necessary to resolve this scattering amplitude into the individual components for these particles via diagonalization. For our purposes, the individual masses and couplings are not required, although this provides an alternative method. The reader is referred to Refs. [9, 20] , who perform such a diagonalization explicitly.
III. SCATTERING LENGTHS FOR πK → πK AT T = 0
In general, if one regards the process a + b → a ′ + b ′ , the scattering amplitude for a fixed isospin I can be decomposed into partial wave amplitudes, i.e.
where s, t and u are the usual Mandelstam variables
2 , and θ is the scattering angle. The phases δ l (s) parametrize the scattering amplitude as
where
is the center of mass momentum of the incoming particles. The differential cross section is
while the total cross section can be expressed purely in terms of the phase shifts,
At low energies, the partial wave amplitudes can be expanded in the form
defining the scattering amplitudes a 
Our interest is in the πK system, and we start with the process of maximal isospin, I = 3/2,
By exchanging particles a and a ′ , one directly obtains the scattering process 9) in which u is the center of mass variable. This reaction contains not only an I = 3/2 component, but the I = 1/2 component also. Crossing matrices relate the various amplitudes. Using an obvious notation, one may write 10) with the crossing matrix [23]
In practice, this tells us that
so that the determination of scattering in the isospin channel I = 3/2 is sufficient to obtain all information, including the amplitude in the T = 1/2 channel. We therefore examine the process π
A. General Classification of Diagrams
Since the coupling strengths in the NJL model, GΛ 2 and KΛ 5 are large, a perturbative expansion in the coupling strengths is inadmissable. An alternative expansion in the inverse number of colors N c is generally made [10, 11] . In this expansion, fermion loops contribute a factor of N c , while the scattering amplitudes with mesonic intermediate states contribute a factor of 1/N c . Thus the diagrams that are leading in the 1/N c expansion, and which are of the same order in this expansion, are both the box diagrams of the type displayed in Fig. 1 and the mesonic exchange graphs of Fig. 2 .
B. Contributions to π + K + → π + K + .
Box diagrams
For the process π + K + → π + K + , only one of the box diagrams of Fig. 1 that is commensurate with isospin and strangeness conservation survives. This is depicted, togther with the appropriate kinematic variables, in Fig. 3 . A direct translation of this diagram leads to the expression
Here the factor 4 arises from the flavor algebra. It has also been assumed that the translation of the Feynman graph gives iT .
Meson exchange graphs
As in the previous subsection, it is necessary to analyse first which diagrams can contribute to the π + K + elastic scattering amplitude. One notes immediately that the s channel graphs of Fig. 2 do not contribute, due to charge conservation -the intermediate state would require a doubly charged (scalar) meson, which does not exist within the model. In the t channel, on the other hand, there are six possibilities.
These are displayed explicitly in Fig. 4 . Note that in all these diagrams, a scalar meson is exchanged in the intermediate channel. This is a consequence of parity conservation and manifests itself directly in the evaluation of the triangle diagrams that form a part of each amplitude in Fig. 4 , in that the trace of the product of γ 5 Sγ 5 Sγ 5 S vanishes, whereas that of γ 5 Sγ 5 S1S does not. We construct these diagrams by first considering the triangle graph that is given in Fig. 5 . From this Feynman diagram, the three meson vertex is given as
, where the superscripts 1 and 2 denote the flavors of the internal quarks and no trace over flavor has been included at this stage. This must be combined with the effective propagators of the scalar mesonic sector. We may simply use the form
where the M ij are a function of momenta, 16) and the other terms follow similarly, leading to the expression
This form of the intermediate mesonic scattering amplitude is required for the evaluation of diagrams (c) and (d). With it, one easily constructs the t channel πK scattering amplitudes in (c) and (d) to be In an analogous fashion, diagrams (a) and (b) can also be evaluated. The intermediate mesonic scattering amplitude in this case is found to be 19) and in combination with Eq. (3.14) leads to the expression
for the t channel π + K + scattering amplitudes depicted in (a) and (b).
There is no contribution from diagrams (e) and (f): the only difference between these two graphs is seen to be due to the flavor couplings to the intermediate ex-
), the sum of these two terms cancel, and hence
Thus, in the t channel, the π + K + amplitude leads to An elementary vertex needed for this process is shown in Fig. 7 . Analytically, it can be constructed as
while the effective interaction mediated by the σ K meson follows from Eq. (2.9) as 24) so that one arrives at the form
for the u channel amplitude. The factor 8(= √ 2 6 ) in this expression comes from all flavor factors that contribute at each vertex.
The complete I = 3/2 π + K + → π + K + scattering amplitude is thus made up of three components, 
C. πK scattering lengths
The expressions given in the previous section enable one in principle to calculate the πK cross section for an arbitrary choice of kinematic variables. In practice, this turns out to be extremely difficult, as the box diagram cannot easily be evaluated exactly for arbitrary kinematics, requiring in general addition approximations. In this paper, we restrict ourselves to a calculation of the scattering lengths, which simplifies the calculation somewhat. The kinematic threshold is given by
These conditions can be fulfilled by choosing
and
Using these kinematics, the box term, as well as the triangle and intermediate meson exchange graphs making up the t and u channel contributions, can be expressed in terms of the "elementary" integrals
that form the building blocks for these functions. We list the results for the components of the T 3/2 amplitude for the threshold kinematics.
Box diagram
The kinematic choice of Eqs. (3.29) and (3.30) lead to the forms
.
After some calculation along the lines that will be indicated for the three meson vertex function to follow, one finds
Meson exchange graphs
The three meson vertex functions are required for the t and u channel graphs.
From Eq. (3.14), one has
which reduces to
after performing the trace. Using the relation
leads one to the expression
in terms of the elementary integrals. In a similar fashion, the second vertex function that is required for the u channel T matrix amplitude of Eq. (3.23) and which was shown in Fig. 7 can be decomposed as
In addition to this, the scalar polarization function is given as
and is expressed as
Note that the pseudoscalar polarization differs from this function only in the re-
The complete expression for the I = 3/2 scattering amplitude at the kinematic threshold follows now on constructing
for the t channel, and
for the u channel, with the couplings
which can be derived from the definitions in Eq. (2.12). Then one has
The scattering lengths are evaluated as
so that a 3/2 follows directly from Eq. (3.50), while a 1/2 is obtained subsequently through the relation Eq. (3.12).
IV. NUMERICAL EVALUATION OF THE πK SCATTERING LENGTHS

A. T=0 Case
In order to evaluate the scattering lengths, the functions F , M, N, P and Q of Eqs. (3.31) -(3.35) must be evaluated. Since the NJL model is non-renormalizable, a cutoff parameter must be introduced to regulate these functions. This can be done in a covariant fashion using the Pauli-Villars scheme, or non-covariantly by introducing a cutoff on the three momentum | p| < Λ 3 . For consistency, a cutoff is included in all integrals, including N, P and Q, that are convergent. Technical details for the Pauli-Villars integrals are given in Appendix A. The O(3) calculation is performed directly numerically. Our first evaluation is performed at T = 0.
In Table I , we list two sets of parameters for the Pauli-Villars calculation that were taken from Ref. [19] , as well as two sets of parameters for an O(3) cutoff, taken from Refs. [9, 20] . These calculations are all non-chiral, all assuming non-vanishing values for the current quark masses. Using these parameter sets, we obtain values for the pseudoscalar meson sector at T = 0 that are listed in Table II. The experimental values are also given. The scalar meson masses for T = 0 for the corresponding parameter sets are given in Table III At finite values of the temperature, the πK scattering graphs can be analysed as was done at T = 0, but within the imaginary time or Matsubara formalism. This corresponds to making the formal substitution
and replacing the fermionic (bosonic) q 0 by the discrete frequencies iω n , ω n = (2n + Table I , we have T πK = 174.5 MeV, while
We also show the temperature dependence of the scalar mesonic sector in Fig. 9 for this parameter set. Note that the behavior of the σ π meson with temperature [20] has been confirmed qualitatively in lattice gauge calculations [13] . Using the temperature dependent functions for the mesons, the temperature dependence of the box, t and u channel amplitudes is evaluated and used to construct the scattering lengths. In Fig. 10 , we show the individual contributions from these channels, together with the evaluated scattering length a In investigating the finite temperature behavior of the scattering amplitudes, we observe that the box and u channel graphs, the latter of which occurs by resonance exchange of a σ K scalar meson, do not vary strongly with the temperature. However, variation of the t channel amplitude that is controlled by the exchange of σ and σ National Laboratory, where this paper was written.
APPENDIX A: PAULI-VILLARS REGULARIZATION
Standard Feynman parametrization [24] ,
with ζ = n i=1 ζ i and x = n i=1 x i is used for the integrals Eqs. (3.31)-(3.35) . All calculations are performed at the kinematic threshold. One has
which, after Wick rotation, gives
The Pauli-Villars regularization scheme is then implemented:
where m j = m 2 +α j Λ 2 and the standard set of parameters C 0 = 1, C 1 = 1, C 2 = −2, α 0 = 0, α 1 = 2 and α 2 = 1 are used.
The function M 12 (p) from Eq. (3.32) can be integrated after Wick rotation. One has
The Pauli-Villars regularized version reads
with the replacements m 
The x-integration can be performed explicitly leading to 
if ∆ j < 0 and
if ∆ j > 0. Following the same prescription for N 12 (p) leads to
Both P 12 (p, k) and Q 12 (p, k) of Eqs. (3.34) and (3.35) are functions of two variables and are somewhat more complicated. Feynman parametrization followed by a Wick rotation and integration over the momentum variable leads to
The integral in x can again be performed. One finds
where the discriminant in this case is
A similar analysis leads to
in which the x integration can once more be carried out with the aid of the integral 
where we have abbreviated
For N 12 (p) we find 
For the function Q 12 (k, p), one has
These expressions simplify somewhat in the case m 1 = m 2 . Table I . Experimental values are given in the final row. Table I . A tentative assignment of these masses to experimentally measured particles is given in the final row. 
TABLES
m q (MeV) m s (MeV) m π (MeV) m K (MeV) m η (MeV) m η ′ (m σπ (MeV) m σ K (MeV) m σ (MeV) m σ ′ (
